Abstract. We propose a two dimensional model of charged particles moving along the z axis, on which they are focused by a linear attracting field. The particles are organized into parallel uniformly charged wires, which interact with a logarithmic potential. The mean field is described by the Poisson-Vlasov equation, whereas Hamilton's equations need to be solved to take into account the effect of collisions. The relaxation to the self consistent Maxwell-Boltzmann distribution is observed in numerical simulations for any initial distribution and the relaxation time scales linearly with the number N of wires, having fixed the total current. We prove that such scaling holds in the kinetic approach given by Landau's theory. To this end we use an approximation to the cross section of the cut-off logarithmic potential, which is asymptotically exact for large N. The drift term inherits the scaling law of the cross section and provides the required scaling for the relaxation time.
INTRODUCTION
Systems with long range interactions exhibit non standard thermodynamic properties. The presence of scaling laws is useful to investigate analytically the thermodynamic limit and to extrapolate the results of numerical simulations where a rather small number of pseudo-particles has to be used. One dimensional Coulomb systems have been studied. [1] We consider here a model of two dimensional Coulomb oscillators which is suited to describe a beam of charged particles, protons or ions, in a circular accelerator. The effects of Coulomb interaction (space charge effects) are relevant for intense beams at moderate energies and cause the formation of a halo around the beam core. [2] In the storage rings, very long bunches are supposed to circulate for a high number of turns (10 6 ) and the approximation with a continuous circulating current, rendering the problem two dimensional, is justified. In this case the mean field 2D Poisson-Vlasov equations have analytical solutions also when the focusing field varies periodically along the ring (unlikely the 3D case). As a consequence the numerical schemes to solve the 2D mean field equations (PIC codes) can be benchmarked against the analytical solutions. This comparison is necessary to control the effect of numerical noise (due to round off errors), which causes a linear growth of the invariants. [3] Our 2D Hamiltonian model takes into account the small angle and hard collisions, in order to explore the relaxation process to the thermodynamic equilibrium and the mean field limit. Collisional effects (intra beam scattering) can be important in the new generation of high intensity accelerators such as the storage rings for neutron Spallation Sources (SNS) [4] , for high energy density physics (SIS100 of the FAIR project at GSI) [5] and for the drivers of heavy ion fusion (HIF) [6] , since only very small losses can be tolerated in order to avoid activation of the beam pipe. The main result of our investigation is a scaling law that is supported by Landau's kinetic theory. The algorithms developed to integrate Hamilton's equations have a N logN computational complexity, where N denotes the number of pseudo-particles (letting q be their charge per unit length we keep Nq constant). This complexity allows us to simulate a number of pseudo-particles which is anyhow two order of magnitude below the physical value, as a consequence scaling laws are necessary. To analyze the kinetic equations of Landau's theory one difficulty is related to the Coulomb cross section, which, unlikely the 3D case, has not an explicit analytic expression. In the asymptotic region, corresponding to large values of N and leading to the continuum limit, we have found analytic approximation, which allowed us to prove a 1/N scaling of the cross section. As a consequence the relaxation time scales linearly with N; the slope, which depends on the cut-off of the Coulomb potential, can be adjusted to reproduce the result of the N bodies Hamiltonian. Even though the order of magnitude is the same as the radius of the Debye cylinder, a significant difference is found. It is worthwhile to notice that in the N → ∞ limit the mean field theory is recovered. For the mean field theory the smooth stationary distributions are stable [7] whereas the singular ones are linearly unstable. [8] A preliminary analysis shows that this property holds for the Hamiltonian model, in the constant focusing case, on time intervals short enough in comparison to the relaxation time, such that the distributions are quasi stationary. The key features of our model are a separation between the collisionless regime, characterized by a time scale of O(1), on which only dynamical phenomena, such as linear instability for the anisotropic version of the model, play a role; and the collisional one characterized by the thermodynamic relaxation occurring on a time scale of O(N). The same general features are observed in systems with long range interactions such as two-dimensional vortices [9, 10, 11] , plasmas [12] , stellar systems [13, 14] and classical spin systems (HMF) [15, 16] . The mean field fluctuations due to a finite number of pseudo-particles are present in any PIC approximation of the Poisson-Vlasov equations. Previous studies [17] show that √ N fluctuations give rise to a diffusive growth of the invariants with an amplitude proportional to 1/N. For a system of time independent 2D symmetric oscillators this effect is negligible and the invariants exhibit periodic mismatch oscillations with an amplitude of order 1/N which are observed clearly also in the collisional simulations. A 3D model is needed to describe the bunched beams and has been investigated to explain the genesis of a halo in terms of the parametric resonance induced by mismatch oscillations. [18] The 3D extension of the present work will be the next step to check how accurately the linear dependence with N of the relaxation time (a well known result for Landau's theory in this case) is reproduced by the N bodies Hamiltonian and whether the cut-off of the Coulomb potential agrees with the radius of the Debye sphere.
THE MODEL
We consider a beam of N p charged particles per unit length (meter), traveling along the z axis with speed v 0 . Each particle has charge e and mass m p and is subjected to a linear restoring force whose elastic constant is k 0 . We assume that the transverse displacements are small so that the trajectories remain close to the z axis and we can approximate the curvilinear abscissa with the z coordinate s z = v 0 t. Denoting with M = N p m p and Q = N p e the total mass and charge per unit length we replace the point charges with N charged wires having mass m and charge q per unit length such that the total mass and charge per unit length do not change Nm = M, Nq = Q. A strong longitudinal coherence is implicitly assumed. If the particles are uniformly distributed on a cylinder of radius R, their volume density is N p /(π R 2 ), the specific length is = (π R 2 ) 1/3 N −1/3 p and to each particle in a cylinder of height we associate a wire. As a consequence the number of wires corresponding to the physical particles density per unit length N p is N w = N p = N 2/3 p R 2/3 π 1/3 (typically in a storage ring we have N p ∼ 10 11÷12 particles per meter and the transversal dimension of the beam is R ∼ 10 mm, this corresponds to N w ∼ 10 5÷6 ). We identify each wire with its coordinates x i , y i and choosing s as independent variable the total Hamiltonian of the system is
where the control parameters are defined by
The electrostatic force acting on a wire can be split into the contribution of the nearby wires, within a cylinder with the Debye radius, and all the others. The value of the Debye radius, obtained making some assumption on the system (see APPENDIX A) is given by
where p 2 x + p 2 y /2 is the (non-dimensional) "temperature" of the system. The nearby wires produce collisional effects, whereas the others generate a smooth field satisfying Poisson-Vlasov equations.
The number N of wires which can be simulated (∼ 10 4 ) is small compared to the number N w of "physical wires" (∼ 10 5÷6 ) and consequently scaling laws are needed to perform the correct extrapolations. The charge Q per unit length being fixed, if we increase N we decrease the collisionality, which vanishes in the limit N → ∞. The mean field theory is defined by the Poisson-Vlasov equations
where H is the single particle Hamiltonian and ρ its normalized phase space density.
To simplify the discussion we refer to the uniform focusing case, namely we assume ω 0 to be constant. The stationary self consistent solutions are ρ = f (H) where f is an arbitrary function.
A well known solution of Poisson-Vlasov equations corresponds to a uniformly charged cylinder of radius R. The electric field within the cylinder is linear and so the total potential reads V =
Denoting by πε the area in each phase plane (ε is twice the action and is called emittance by accelerator physicists) the total energy can be written as E = 
The corresponding phase space distribution is singular ρ = ω (2π
, being supported on the surface of an ellipsoid. It was first introduced by Kapchinskij and Vladimirskij ([19] , [2] pag.341) who proved it can be extended to the periodic focusing case and it is known as KV distribution. The other relevant distribution is the self consistent Maxwell-Boltzmann (MB) distribution, to which any distribution should relax as a consequence of collisions. The MB distribution is given by
where T is the temperature, k B T = ωε/4 and V is the self consistent potential which is determined by solving a second order differential equation in r = (x 2 + y 2 ) 1/2 , to which the Poisson equation reduces.
NUMERICAL PROCEDURE
We have integrated Hamilton's equations of motion for the system of N interacting wires by using a 2-th order symplectic integrator, a 4-th order Runge-Kutta integrator with variable step and a 4-th order Symplectic-RungeKutta with constant step. The evaluation of the electric field is based on a hierarchical scheme. [20, 21, 22] The force acting on a particle is partitioned into two contributions, the near field and the far field: the former is computed by direct evaluation of the binary interactions, the latter is computed organizing particles into a hierarchical cluster structure, so the far field contribution is evaluated from cluster-particle interactions. The distribution of the particles on each cluster is represented by a multipolar expansion usually truncated to the quadrupole term. Evaluation of multipolar coefficients is made hierarchically as well. With a truncation to the quadrupolar term in the multipolar expansion of the far field, the accuracy in force calculation is about 10 −3 ÷ 10 −4 . This is the standard case. Accuracy can be improved retaining more terms in the expansion. We adopted in this case the following technique: first we compute the Taylor expansion of the electric (far)field up to order 10 in the center of each cluster-cell. The Taylor series is reconstructed using the Padé approximants technique. With a [2/3] approximant computed from a Taylor truncation of order 5 we reach an accuracy of 10 −8 . The computational complexity of the electric field evaluation C(N) ∼ N 2 was reduced to C(N) ∼ N logN. The code has been parallelized using MPI. Each processor computes the force acting on a sub set of N sing = N/n p particles where n p is the number of available processors. Processors are organized into a one dimensional torus and data exchange between them is realized by using a "send_receive" MPI function. The scheme adopted for communications, which is organized into several steps, is the following: at communication step number one the processor P k sends data related to forces acting on its N sing particles to processor P k+1 and receives data from processor P k−1 . In general, at step number j, the processor P k sends all the data collected at step j − 1 to processor P k+2 j−1 and receives data from processor P k−2 j−1 . Completion of data exchange between processors requires log 2 n p steps. We have investigated the relaxation process towards thermodynamic equilibrium in different simulations changing the number of pseudo-particles and keeping fixed the remaining parameters and the initial condition in phase space (KV distribution). In order to examine the relaxation process, for each simulation we have studied the evolution of the space, momentum and energy distribution of the particles, checking their agreement (as the simulation was going on) with the MB case by using a χ 2 test. To obtain a simple quantitative estimation of the relaxation time we have considered the following combination of 4th order moments
By construction y(0) = 0 (KV distribution) and y(s) → 1 as s → ∞ (MB distribution). The curve y(s) can be fitted by 1 − exp(−γs) where ς = γ −1 measures the relaxation length. The (non-dimensional) "temperature" k B T in (7) is defined as
The model of time independent isotropic 2 oscillators we have proposed, is such that the second order moments in (4). This conservation law is evident in the mean field approximation. In the collisional case this result is still true in the framework of Landau's theory which allows us to write the evolution equations of second order moments. In the numerical simulations this conservation law is verified up to statistical fluctuations of order 1/ √ N due to finite number N of pseudo-particles. The definition (8) corresponds to the usual definition of temperature when the phase space distribution is MB. For the typical choice of the parameters ξ = ε = ω 0 = 1 (we use dimensionless variables normalized longitudinally with L = 1 m and radially to a = 1 mm) and a number of pseudo-wires N ∼ 10 3 a longitudinal step ∆s ∼ 10 −4 permits to resolve the hard collisions between particles. For ∆s ∼ 10 −2 hard collisions aren't resolved and the value of the relaxation time is significantly underestimated (factor 2). The simulations for an initial KV distribution have shown that the relaxation length to the Maxwell-Boltzmann distribution scales with N, keeping fixed the total charge ξ , within the numerical and statistical errors. The linear dependence of ς (N) on N was verified for several values of N ranging from 10 3 to 10 4 . In Tab. 1 we report the values of ς (N) × 1/N for some simulations. We show also the values of ς (N) × log N/N which is not asymptotically constant 3 . Tab. 1 Numerical results. For each simulation ξ = 2, ω 0 = 1, ε = 2.16 and k B T = 0.346. The integration step was ∆s = 0.5 · 10 −4 . The statistical uncertainty associated with each value in the second, third and fourth column is approximately 3% ÷ 6%.
These investigations are computer intensive: the CPU time required to reach the relaxation grows as N 2 logN, indeed it is proportional to the product of the number of steps ς (N)/∆s times the number of operations C(N) needed to compute the electrostatic field at each step.
LANDAU'S EQUATIONS
Assuming the collisions between particles are small angle, frequent and instantaneous we can treat them as a random process 4 . The momentum change for a test particle is ∆p = − ∂ H ∂ r ∆s + ∆ c p, where the last contribution is due to collisions, and assuming it is a Wiener process the diffusion equation reads
where the drift and diffusion coefficients are given by K = the final momenta in a binary collision the drift coefficient reads
where θ is the scattering angle and dσ /dθ is the differential cross section of the process in the laboratory frame. It is convenient to perform the integration over the scattering angle after moving to the center of mass frame, the result depends on the first two moments of the cross section in the center of mass frame σ k = dσ dΘ cos k Θ dΘ. Letting φ be the angle between p 1 and p 2 , changing the angular integration from φ 1 , the polar angle of p 1 , to φ we find that
where the moments σ k depend on p =
Since the integrand depends on the angle φ only via cos φ , the integration on φ can be restricted to the interval [0, π] after replacing N/2 with N. The density ρ is assigned at s = 0 (we choose a KV) and approaches Maxwell-Boltzmann for s → ∞.
THE COULOMB CROSS SECTION
We have computed the differential cross section for the cut-off potential U of the electrostatic force between two wires at distance r
where Λ is the cut-off radius and θ (x) is the Heaviside step function. Moving to the center of mass frame we denote respectively by p and b the momentum and the impact parameter of a particle, so that its angular momentum and energy are L = pb and E = p 2 . Using polar coordinates, letting u ≡ 1/r be the inverse distance and φ the polar angle, the energy conservation reads
The inversion point of the radial motion is u max = b −1 in the case of free propagation b > Λ. For a scattering process b < Λ the inversion point u max is the solution of the nonlinear equation
and u max b < 1 < u max Λ. The scattering angle is Θ = π − 2∆φ where ∆φ is obtained by integrating (13) The integral can be evaluated numerically after removing the square root singularity at u = 1 with the change of variable w = √ 1 − u . The removal of the remaining singularity is hard and the convergence is linear with the inverse of the number of integration points. A simple asymptotic expression holds for ξ /(NE) small (see APPENDIX B)
For NE/ξ small we have instead the following asymptotic formula
defined in the whole interval [0, 2π]. In figure 1 we plot the cross section for ξ /(NE) small and large comparing the exact result with the asymptotic approximations. We recall that in the 2D case the differential cross section is given by dσ /dΘ = −db/dΘ. The difference of the first two moments which enters in the integral for the drift coefficient is readily evaluated in the asymptotic regions and gives 
THE SCALING LAWS
The asymptotic behaviour of the moments difference σ 0 − σ 1 for large values of N is proportional to Θ 2 max = ξ 2 /(NE) 2 , according to (16) and (18) . Neglecting the dependence on the energy E one would conclude that the drift K scales as N −1 , according to (11) . Since E = p 2 = 1 4 (p 2 2 + p 2 1 − 2p 2 p 1 cos φ ) is a function of the the integration variables, a more subtle analysis is required to justify the N −1 scaling law. Indeed when ξ /(NE) 1 the above asymptotic expression can be used, but when ξ /(NE) 1 the moments difference σ 0 − σ 1 reaches a constant value. The numerical analysis shows that if the exact value of σ 0 − σ 1 is replaced by its asymptotic values in the intervals (19) whose common endpoint is chosen so that the approximation is continuous, then the drift has a modest change and the dependence on N is the same. Performing this approximation to the combination of moments entering the diffusion matrix, the variation is also small. Using this approximation we show (see APPENDIX C) that for the KV distribution the drift coefficient β reaches a constant limit for p 2 → 0 which scales as N −1 . Still for the KV distribution we found that for p 2 → ∞ the product β p 3 2 tends to a constant which also scales as N −1 . Furthermore for a generic smooth distribution and any given p 2 ≥ a > 0, where a is an arbitrary finite constant, we can show that the quantity Nβ reaches a constant limit for N → ∞. The numerical study of the Langevin equation associated to the Vlasov-Poisson-Fokker-Planck-Landau (VPFPL) equation (9) shows that for an initial KV distribution the linear combination e −s/ς ρ KV + (1 − e −s/ς ) ρ MB , where the relaxation length ς is proportional to β −1 , appears to describe correctly the distribution at s = v 0 t. As a consequence the dependence of β on N −1 implies a linear dependence of the relaxation length on N, keeping fixed the total charge ξ . In figure 2 we compare the drift coefficient β multiplied by p 2 N to show how the limit for N large is achieved and what is the difference introduced by replacing the exact moments of the cross section with the value obtained by matching its asymptotic expressions.
CONCLUSIONS
The model of 2D charged oscillators is specified by two parameters ω 0 and ξ , the second being proportional to the charge intensity. The number N of wires is physically determined, but can be varied to change the collisionality level. In The N → ∞ limit the collisionality vanishes and the mean field theory, described by the Poisson-Vlasov equation, is recovered. For N finite the soft collisions contribute as a random process according to Landau theory. After computing the cross section for the 2D Coulomb scattering, we have evaluated the drift coefficient by replacing the cross section with an analytic form obtained by matching its asymptotic expressions. A scaling with N −1 was proved and the difference of the product β N with the numerical result obtained with the exact cross section appears to be negligible. A similar result holds for the diffusion matrix. The solution of the VPFPL equation shows a relaxation to the MB distribution with a relaxation time which scales as N, keeping fixed the total charge ξ . 5 The numerical integration of the Hamilton's equations of motion for a system of N interacting wires exhibits the same scaling law for the relaxation length to the thermal equilibrium. We carried out the numerical simulations using an algorithm of optimal (N logN) computational complexity which has been implemented on a parallel architecture. The quantitative agreement with the Landau's theory is obtained by fixing the value of the cut-off for the Coulomb potential. Choosing its value at the Debye's length the correct order of magnitude is obtained, not the precise value. A more detailed analysis on the quantitative reliability of Landau's theory and Debye's screening for a charged plasma, is needed and will be carried out in a near future. At present we can only conclude that the qualitative agreement of Landau's theory with the Hamiltonian dynamics of a system of 2D charged oscillators is fully confirmed as far as the scaling laws are concerned. For practical applications we believe that the Poisson-Vlasov theory for time intervals small compared with the relaxation time is fully adequate for the proposed model. The use of a Poisson-Vlasov-Fokker-Planck equation has been proposed to take into account the collisional effects [24] ; however due to its numerical complexity and to the problems related to quantitative reliability of the Landau's theory, at least for the 2D model, we believe that the direct Hamiltonian approach can offer some advantages.
APPENDIX A -THE 2D DEBYE LENGTH FOR A CHARGED PLASMA
In this section we will present the Debye theory for a two-dimensional non-neutral plasma [26] . Let's consider a plasma of charged particles q in thermal equilibrium, we have
where φ is the potential of the plasma, ρ s the particles density distribution (normalized to one), N the number of (pseudo) particles, V con f the external confining potential and k B T the temperature. Now we introduce a charge unbalance q in the origin, the perturbed potential is φ + δ φ and the perturbation δ φ is given by
where we assume that the perturbed system is still in thermal equilibrium. (22) assuming that the density ρ s doesn't have big changes within the characteristic size of the system (∼ R) we have ρ s 1 πR 2 and we can define the following length scale (Debye length)
where the last equality follows from (2). Finally we have
and the solution is
where K 0 (x) is the modified Bessel function of order zero. The charge per unit length Q(r) in a cylinder of radius r is given by
where E is the electric field. From (25) we see that the charge unbalance in a cylinder of radius r is δ Q(r) = rδ E 2 whose limit is q as r → 0 and zero for r → ∞. The exponential decay of the charge unbalance enclosed in the cylinder of radius r shows that Λ is the characteristic length scale of the collisional part of the Coulombian interaction. For the typical choice of the parameters ξ = ε = ω 0 = 1 (we use dimensionless variables normalized longitudinally with L = 1 m and radially to a = 1 mm) the characteristic dimension of the system is R ∼ 1.3 and
In the previous derivation of the Debye's length we have made different assumptions, so we expect that in general our derivation will be only qualitatively correct, the appropriate value of the length scale for the collisional part of the interaction might be different from Λ.
Laboratory frame
Center of mass frame 
APPENDIX B -THE SCATTERING CROSS SECTION
Approximation for ξ /(NE) 1
In this case the scattering cross section is given by a simple analytical expression. To obtain it, in equation (15) 
where the interval 0 ≤ b ≤ Λ is mapped into [Θ max , 0]. The maximum scattering angle Θ max is defined by
Inverting equation (28) we obtain the impact parameter as a function of the scattering angle
The function b(Θ) and the scattering cross section dσ /dΘ = −db/dΘ are symmetric with respect to the polar axis, see figure 3 
where we have integrated by parts using b(Θ max ) = 0. From b(0) = Λ we obtain σ 0 = 2Λ for the total cross section. Using the previous asymptotic approximations we evaluate the σ 0 − σ 1 which enters the drift coefficient. The limit of (33) for Θ max → π/2 is Λ and the function is well defined also for Θ max > π/2. For Θ max → 0 it is equal to 4 ΛΘ 2 max (π − 2)/π 2 .
